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1 Geometric motivation

I 2d Riemann surface Let P be aprincipalGbundle
over 2 and I denote the space ofconnections on P For a

connection A c A we define Atyah Bottsymplform
WA TAA TAA R

wa Kp Larp

Tat R's ADP it is an affine space
modelled on Dls Adp

ang is the composition

I Adcp xREAD IRELAND ri
where to o is an Ad unrariant inner

product on the Lie algebra g

Thm Goldman w is a symplectic form out
and the action of thegroup of gauge transformationsG
on is Hamiltonian with respect to this symplectic
structure and has moment map felt Fa

Fa A AZ AdCPD is the curvature map



map
is considered as a map

F A Lie G
via the identification I Ad PI DE Ad HE

Lie g

For a momentmap we can take the

Marsden Weinstein quotient Ag f 611g
Here gillo is the finite alien space offlat connections
equipped with induced symplectic structure dually Goldman

Poisson bracket

One can identify the space of flat connections
with so called charactervariety Hom GK G

µg

One can write the Goldman bracket using
fatgraphs Fat graph parametrize hyperbolic surfaceswithgeodesy

Fat graph is an embedded 3valent graph Te 2

whose complement is asetof disk each disk contains
one hole monodromy operatoralong g

Geodesic function loop pest E trio



Geometric case 6 512 Grace does not depend on
direction tr A tr A

e

Goldman bracket is the bracket induced on

the algebra of geodesic functions

Geodesic functions form an algebra rant multiplication

and Poisson bracket

Poisson bracket takes a form ofskin relation

f y E n quagga

Giggs E g
k Egle d

Using relation in SLz
tr AB ttrfABY trA.to O



we get Giz Gas 12625G B
cyclic permutations

a Braid group action

Dehuluists acton the

space of geodesic

functions and satisfy braid group relation

3 Exponential shear parameters

each edge offat graph is equipped with
22

positive parameter

23
Introduce X Ei 2 49 Etied

G i
tr L X R XD etc

Statement Iza 2ps Sp32ps
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Examples airtran

Poisson bracket

na.a.s.tioa.ie i
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Aik tzqjq.gr j e is k

symplectic groupaid

Let it c glen be a subspace ofunipotent
upper triangular matrices

A c at

Morphism B A suchthat BABTEA



ill space of morphisms

Standard maps

source s Il A CB A A

target T Il A CB A BABT

injection e A µ A E A

inversion i ill all 43A 45 BABD

multiplication me all Il KCBABY BAE 3GBA

Ill is the fiberedsquare

di tu

Ipe Is
a Is it

Def Symplecticgroupoid smooth groupoid equipped

with the symplectic 2 form w c Ill satisfying
compatibility condition m w piwyzw

form onDlc The



Poisson bracket on Il it w teHotelRtu

Is a is a bivector field P on it
it does not depend on the pointin thefiber5TH

This gives a Poisson structure on it
Nelson Regge Gavrilibn Klimek Bondal

Dubrovin Ugaglia Boalch

Casimir coefficients of characteristic polynomial

xatA A rawime.rs

Geometric situation Example 2 has
dimension growing linearly with n

dim it grows n4e

Example 2 describes a symplectic leaf in A

Problems f describe Darboux coordinates of
a general symplectic leaf

a braid
group

action generators pi EAT Bii
ABII

O
Bi in ain.ie to Find cluster representation

0 ofbraidgroupaction

G quantum reason



Framed moduli spaceJshn a

Yp AdsLn

Fook Goncharov parameters ex Sls
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and hence 6 lines

Latzb e la11,61 c latfb.CH

f la ft2 e la beicu la b a 2

we get 3 flags F BYE in Fabc

Let f taa.aiiad.Eteigb.IE
E CE eine Teifi.IE Valea

we assign to inner vertex alee attach 3

parameter qq.laiaznledlb.nbeaqxc.no

I
Larnazac Lb r lezna Kneale

projective invariant

Lattice points on sides are also assigned

some parameters
Bluequiver Poisson bracket
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Transport matrix

at weight of path p
k 4 w D weight Iv

P vetneffight

f t t otp

Source i sinkj
transport element Nij 2 wlPi j

orientedpath

piinj

Th GIV08 Chs20
quantum
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B

Transport matrices

all Me Df
Mi SU MES alle

where S ft I Mi
ME

Corn Poisson bracket between elements

of Mi is the standard Poisson Lie

Sklyanin bracket
My Mj is Goldman Poisson bracket

Maintheoreme Chekhov S Ko

A MTM satisfies Bondal Poisson

bracket
A E Fook Goncharov parameters Zabe give
Darboux typecoordinates for the Poisson bracket



Quiver of Poisson bracket

Eat
Er

gluing vertices multiplying

correspondingweights

n D
Casimirs i 2

Fyffe
Choosing values of these Casimirs we

make A MTMz unipotent



Cluster transformations

Flip of triangulations leads to

Feydeau'geGonehana

coordinate

One can realize flips in a sequence

of cluster mutations

y µy mutaitz fruit
f y

XUE'T

Quiver mutation in 3 steps oh

a



Braidgroup action on A
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Quantum version GChekhor S Ko

Ah
Tangi

satisfy the reflection equation i

G Realg At Ri Ah ARt4lA rig
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